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So, l‘he final grammar obtained which is in GNF is shown below:

A| - OAlAgl lA: I OA|Z A:l 1Z A_w_l 0

A, — O0A||1]0AZ]1Z

Z - OA|A|| lAl IOA]Z A|| IZA]

Z — OA|A|Z l lA[Z l0A|ZA|ZI IZA|Z ’

Exercise:

1. s the following grammar ambiguous ?

~ S— aSb|SS|e
2. Show that the following grammar is ambiguous.
. S—>SbS|a
3. LetG (V, T, P,S) be a CFG, where
V={EI} -
T={ab.cd+*%()}

P={ ,
E — 1| E+E |E*E | (E)
I »a|bjc|d
Lo
bbtain the derivations for the strings (a+b)*c*d and a+b*c and the parse tree for each
derivation.
4. : btain a reduced grammar for the grammar shown below
| S — aAa
| A — Sb|bCC|aDA
C — abjaD
E - aC
D — aAD :
5. Find an equivalent grammar without 8-productnons for the grammar shown below.
' S — aSa|bSb| A
A — aBb|bBa
B — aB|bB|¢

6. Remove the unit productions from the grammar
S - AlB|Cc -
A —aBb|B
B —aB|bb
C »Cc|B
7. Ehmmate useless productions from the grammar
S — aA|a|B|C
A —>aB|e
B —aA
C -cCD ,
D — abd Note: First remove € and unit productions, then simplify CFG.
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8.

10.

11.

12.
13.
14.

15.

16.

17.
18.
19.

20.

Obtain the following grammar in CNF
E— E+T|T
T >T*F|F
F > (E|I
I—)a|b|c|h|1b|lc

. Obtain the following grammar in CNF and GNF :

S — aAla|B|C
A —aB]|e

B —5aA

C - cCD

D — abd

Note: Eliminate e-productions, unit productlons and then convert into normal forms.

Simplify the following CFG and convert it into CNF
S — AaB|aaB
A—E
B 5 bbA|e

“Convert the following grammar into GNF

'S — abAB.

A — bAB|¢e

B — Aa|e
Explain the method of substitution with example
What is left recursion? How it can be eliminated?
Eliminate left recursion from the followmg grammar

E — E+T|T

T — T*F|F

F — (B)]id
Eliminate the useless symbols in the grammar

-S — aA|bB

A — aAla

B — bB

D — ab|Ea

E — aC|d
Eliminate left recursion from the following grammar

S — Abja

A — Ab|Sa
What is the need for snmphfymg a gramma:" ,
What is a useless symbol? Explain with example.
Simplify the following grammar

S — aA|a|Bb|cC

A — aB

B — al|Aa

C — cCb

D — ddd
What is an € - production? What is a Nullable variable? Explain w1th example




21.

(8]
(3]

23.

24.

25.
26.

27.

28.

29.

30.
31

@)
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Eliminate all €- productions from the grammar

S — ABCa|bD
A — BC]|b

B — bje

C — cle

D - d

. Eliminate all e- productions from the grammar

S — BAAB
A — 0A2|2A0|¢
B — AB|IB|e

What is an unit production? Give general method of eliminating unit productions from the
grammar. :
Eljminate all unit productions from the grammar

— AB
— a
— C|b
- D
— E|bC
E — d|Ab

gawmr»n

What is Chomsky Normal Form (CNF) and Greiback Normal Form(GNF)?

I;T‘)ve that for every CFG we can have an equivalent grammar using CNF notations where a
| ' i

guage does not contain €.

Eliminate unit productions from the grammar

S — A0|B
B o Alll
A - 0[12|B

Eliminate unit productions from the grammar

S — Aa|B[Ca
B — aB|b '
C - Db|D

D - E|d

E — ab
onsider the grammar in CNF
S — 0A|IB

A — 0AA|IS|1
B — 1BB|0S|0

What is the general procedure to convert a grammar into'i_ts equivalent GNF notation?
Convert the following grammar into GNF. ‘

S — ABI|0
A - 00A|B
B — lAl
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32. Convert the following grammar into GNF

Summary:

VVVVYVVVVVVVYVYVYVYYVYYVY

A — BC
B 5 CAlb
C — AB]|a

What we will know after réading this chapter?

Method of substitution

Left recursion

Procedure to eliminate left recursion

Simplification of the grammar with proof -

Solutions to simplify various types of grammars

Useless variable .

€ - Production

Nullable variable

Elimination of € - productions

Unit production

Elimination of unit productions

Chomsky Normal Form (CNF)

Conversion of various types of grammars to CNF notation
Greiback Normal Form (GNF)

Conversion of various types of grammérs to GNF notations
Solution to more than 15 problems of various nature




Pushdown Automata

What we will know after reading this chapter?

(D_ifference between finite automaton (FA) and pushdown automaton

/ . (PDA)
: Pushdown automaton

The transition diagram and moves of PDA

Actions performed by PDA

Instantaneous description

Languages accepted by PDA by a final state

Languages accepted by PDA by an empty stack

Various ways of constructing PDA for the given languages
Deterministic and non-deterministic PDA ‘

vV VYV V VYV VYVYVY

To obtain PDA from CFG, the method and solution to various types of
problems -

Applications of GNF

To obtain CFG from PDA

Solutions to more than 23 problems of various nature

\4

A\

In chapter 5 and 6 we have seen how a context free language can be described using context free
granx'nars and we have in fact defined some of the C programming constructs using BNF
notations (see section 5.8). But, we have not encountered an automaton to recognize the context
free Janguages as we had finite automata to recognize the regular languages. A DFA (or NFA) is
not powerful enough to recognize many context-free language. Since the finite automaton have
strict finite memories, it is not possible to construct those machines to accept the context free
languages. The automaton to recognize the CFL may require additional amount of storage which
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will be used to store the data. For example, during parentheses matching, if we encounter )¢ itis
required to store the left parentheses on the stack and as we encounter right parentheses ie., *)’
~we may have to pop the corresponding ‘(‘ from the stack. Thus, stack is used to remember the
scanned symbols. This is evident as we design the automaton to accept CFL. Sometimes, it is
required to count the symbols also. For example, if we have the language L = {a"b" |'n> 0] after
reading n number of a’s, we should see that n number of b’s exist. So, an automaton that we
construct to accept CFL’s should be in a position to count at the same time should have sufflcnent
memory to hold the string scanned.

Since the DFA’s or NFA’s can not count and can not store the input for future refetence _
we are forced us to have a new machine called Pushdown Automaton (PDA). Note that PDA is
an NFA with the exception that PDA has an extra stack. So, the definition of PDA is similar to
the definition of NFA with shght changes. Let us take some typical examples and define the! PDA.

Example 7.1:  Consider the Ianguage L= {wa“ |w € (a + b)'} where wRis reserve of w an{l Ce
Z indicates middle of string. ' .

|
Itis clear from the language L = wCw" that if w is the string abb then w” is reverse of w i. e., bba.
The language generated will be abbCbba which is a palindrome. So, the language generates
strings of palindromes. f

Let us device a method to accept a string of palindrome. In a given string, the letter C is
the middle of the string. To start with, machine will be in the start state say qo. Now keep hmg
all input symbols on to the stack and stay in state qo till the input symbol C is encountered.

Immediately after scanning the input symbol C, change the state to q;. Now, we; have
passed the middle of the string. If the given string is a palindrome, for each character encoudtered
after the mxdpomt there will be a corresponding character on the stack. .

So, in state q,, after scanning the input symbol, compare it with most recently pnshed
symbol on the stack. If they are same, discard both the symbols and scan the next symbq] and
compare it with the symbol on the stack and repeat the process and remain in state qi- If there is a
mismatch the machine halts and the string will be rejected. Once the last symbol in the mput is
matched with symbol on the stack, finally stack will be empty. Once the stack is empty, it is
evident that the given string is a palindrome. So, change the state to q, which is an accepting State.

Note: It is clear from this example that, the PDA has set of states Q and set of input symboLs 2.
Since it has stack also as a component, some symbols will be pushed on to the stack. So, the ktack
has stack alphabets denoted by I". The stack contains a special symbol Z, which is present in the
stack initially (Note that this is the initial condition). It means that an empty stack contains Zo as
the top of the stack. ,

7.1 Transmons

For the example shown in 7. 1, the transitions can be defined as shown in table 7.1. Let Js‘not
worry about how to get these transitions and it will be discussed later. Assume that qg is the| start
state and Z, is the initial symbol on the stack indicating stack ts empty.
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there is an e-transition, the PDA is actually Nonv-deterministic. In a non-deterministic PDA,

there Will be e-transitions er there may be multiple transitions from the same state on a given
input when a specified symbol is there on the stack.

8(qo. 3, Z0) | = | (90 3%0)
3(qo. b.Zo) | = | (9o bZo)
3(go. 2. ) = | (qo, 23)
&(qe. b. a) = | (qo, ba)
&(qo. a. b) = | (go.ab)
5(qo. b, b) = | (qq, bb)
8(qov C, ZO) = (qh ZO)
8(qp. c.a) = | (qi, )
&(qo. ¢, b) = [ (g1, b)
&(qs, 2, a) =19
(g1, b.,b) = 1(q1, 8)
&(qu, € Zo) = | (92 Zo)

VN W

& Qx(XZ uwexl to oxTI”

’ Table 7.1 Transitions

For example, consider the transitions

These

In the|
when
either

i

2 H

Unles

8(‘10, a, Z) = (ql’ bZ)
3(qo, a, Z) = (q2, ¢Z)

transitions can also be written as
5(‘10» a, Z) = { ((11, bZ)a (qu CZ) }

'above transition, when the PDA is currently in state go, on scanning the input symbol a and
the top of the stack contains Z, the machine can perform one of the transitions defined i.c.,

The PDA can go to state g, after pushing the symbol b on to the stack
or :

- The PDA can go to state q. after pushing the symbol ¢ on to the stack

s otherwise specified, let us call Push Down Automata (PDA) as Non Deterministic Push

Down Automata (NPDA). The formal definition of PDA is shown below:

Deﬁqition: A pushdown automata (PDA) is a seven tuple
.

where

M=(Q X, T.3,q0.Z.F)

. Q- is set of finite states.
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- Z - Set of input alphabets.
I" - Set of stack alphabets. .
8 - transition from Q x (£ U €)x I' to finite subset of Q x I
d is called the transition function of M.
qo€ Q is the start stdte of machine.
Zoe T is the initial symbol on the stack.
F ¢ Q is set of final states.

The actions (i.e., transitions) performed by the PDA depends on
1. The current state.
2. The next input symbol
3. The symbol on top of the stack.

The action performed by the machine consists of
1. Changing the states from one state to another
2. Replacing the symbol on the stack.

Note: In general, the transition function accepts three parameters namely a state, an input symbol
and stack symbol and returns a new state after changing the top of the stack i.e. the transmon
function has the form: : :

o (state, input_symbol, stack_symbol) = (ncxt_sﬁate, stack_symbol)

Example 7.2: What does each of the following transitions represent"
3(p, a, Z2) = (q, aZ)

3(p.a,Z)=(q,¢) , ;
p.a,Z)=(q,1) !
a(p’ £,72)= (q’ r) :
5([’, g, 8) = (q’ Z)
(p.&,2)=(q,¢) ' ' "

The transition

e a0 o

p. a, Z) = (g, aZ)

means that the PDA in current state p after scanning the input symbol ac X andifZe ' is
on top of the stack, then the PDA enters into new state q pushing a € Z on to the stack; The
transition

5(p, a,Z)=(q, ) B

means that in state p, on scanning the input symbol a, and when top of thlS stack is Z, the
machine enters into state q and the topmost symbol Z is deleted from the stack. The transition

8(p,a,Z)=(q, 1)
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means that in state p, on scanning the input symbol a and when top of the stack is Z, the machine
enters jnto state q and topmost symbol Z on the stack is replaced by r. The transition

- 8(p.€.2)=(qD

means that in state p; on scanning the empty string and when top of the stack is Z, the machine
enters into q and topmost symbol Z on the stack is replaced by r. The transition

3p,£.€) =(q.2)

means that in state p, on scanning the empty string and when top of the stack empty, the machine
enters into q pushing the symbol Z on the stack . The transition

&p,&.2)=(q, €)
means that in state p, on scanning the empty string and when top of the stack is Z, the machine
enters jnto q and topmost symbol Z on the stack is deleted. ‘

Note: B is a transition function with three arguments. The first two are same as NFA i.e., the state

and either € or a symbol from the input alphabet. The third argument is the symbol on top of the

stack. AAs the input symbol is consumed when the transition(or function) is applied, the symbol on

top of|the stack may be deleted or it may be altered or some times one or more items may be

pushed on to the stack (depends on the problem being solved).
1 :

The miove of a machine can be defined as follows.

Definition: Let M = (Q, Z, T, 8, o, Zo, F) be a PDA. The move of machine M
o - pa,=@®

implygthat, when the PDA is currently in state p, if the scanned input symbol is a and the top of

the stack is Z, the PDA enters into new state q and pushes Z on the top of the stack. The symbol

on toﬁ of the stack and the recently pushed symbol is denoted by . Here p,q € Qae X,Ze

r an@:ae r. :

12 Graphical representation of a PDA

The v&i'n'ous actions performed by a PDA in state g on an input symbol a and when the top of the
stack represented by Z can be represented using two methods: ' ‘
| 1. Using 8 notation (as discussed in previous section)
: 2. Using graphical representation - » ,
Now,let us discuss how a PDA is represented graphically using the notations that have been used
to redl‘esent an FA in which: :
" a. The states of the PDA correspond to the nodes in a graph and are represented using
circles '
b. The start state of the PDA is denoted by an arrow labeled start
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c. The nodes of the graph represented by two concentric circles are the final states of
the PDA :
d. If there is a transition of the form

3p.a,Z)=(q, )
then, there will be an arc from state p to state g and the arc is labeled with S
a,Z/o. _ .

indicating a is the current symbol, Z is the symbol on top of the stack and o represent the ttop of
the stack along with the recently pushed symbol. #

“
Example 7.3: For each of the transitions obtain the correspondmg transmon diagrams?
3p.a,Z)=(q,aZ)
&(p,a,Z)=(q, €) _ 5
_S(p’ a, Z) = (q’ r) ' l
&p.€,Z)=(q, 1) ¢
3p.&,€) =(q.2)
&p. €,2)=(q, ¥)

"o a0 g

'1

The transition (p, a, Z) (g, aZ) means that the PDA in current state p after scanmng thq input
symbol a € £ and if Z € I' is on top of the stack, then the PDA enters into new State q
pushing a € X on to the stack. The graphical representation is shown below: i

The transition 8(p, a, Z) = (q, €) means that in state p, on scanning the input symbol a, and when
top of this stack is Z, the machine enters into state q and the topmost symbol Z is deleted from the
stack. The corresponding graphical representation is: v . g

|

- The transition 8(p, a, Z) = (q, r) means that in state p, on scanning the input symbol a and iwhen
top of the stack is Z, the machine enters into state q and topmost symbol Z on the stack is
replaced by r. The corresponding graphical notatlon is shown below: -

" @2Z)r . - i

The transition (p. € Z) = (g, r) means that in state p, on scanning the empty string and when top
of the stack is Z, the machine enters into q and topmost symbol Z on the stack is replaced by|r and
the equivalent graphical representatlon is shown below:

i
{
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The tfansition 8(p, €, €) = (g, Z) means that in state p, on scanning the empty string and when top
of the stack empty, the machine enters into q pushing the symbol Z on the stack. The equivalent
graphical representation is shown below: : '

The transition &(p, €, Z) = (q, £) means that in state p, on scanning the empty string and when top
of the stack is Z, the machine enters into q and top most symbol Z on the stack is deleted. The
graphical representation for this is shown below:

7.3 | Instantaneous description

The ¢current’ configuration of PDA at any given instant can be described by an instantaneous
description (in short we can call ID). An ID gives the current state of the PDA, the remaining
string to be processed and the entire contents of the stack. Thus, an instantaneous description ID
can be defined as shown below.

Definition: Let M = (Q, Z, I, §, qo, Zo, F) be a PDA. An ID (instaneous description) is defined
as 3-tuple or a triple . )

‘ ' (q, w, )

|
wherlp' q is the current state, w is the string to be processed and o is the current contents of stack.
The leftmost symbol in the string o is on top of the stack and rightmost symbol in a is at the
Mtt+n of the stack. : '

Let t};e current configuration of PDA be
' E ' (g, aw, Za)

It -mI‘ns A
9 q-is the current state

? aw - is the string to be processed ,
% Zo - is the current contents of the stack with Z as the topmost symbol on the stack.

If tl{e transition defined is 8(q, a, Z) = (p, B) then the new configuration obtained will be

i

(p. w, pa)
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The move from the current configuration to next configuration is given by

(g, aw, Za) | (p,w, Ba) :
This can be read as “the configuration (q, aw, Zo) derives (p, w, Ba) in one move”. If an arbltrary
number of moves are used to move from one configuration to another configuration thttn the
moves are denoted by the symbol |- and }- ~

 For example, o

(9. aw, Zoy | W oy

means that the current configuration of the PDA will be (q, aw, Zo) and after applymg zero or
more number of transitions, the PDA enters into new conﬁguratxon (p,w, Ba).

Note: The instantaneous description (q, aw, Za) I— (p ,w, Ba) indicates that the conﬁgu;atnon
(p, w, Ba) is obtained from the conﬁguratlon (g, aw, Zar) by applying one or more transmons

74  Acceptance of a language by PDA

There are two cases wherein a string w is accepted by a PDA. .

¢ Get the final state from the start state. . ,
¢ Get an empty stack from the start state o

_ In the first case, we say that the language is accepted by a final state and in the second caée we
- say that the language is accepted by an empty stack or null stack. The formal deﬁmtlohs to
accept the string by a final state and by an empty stack are defined as follows.

Definition: Let M = (Q, %, I, §, q, Zo, F) be a PDA. The language L(M) accepted by asﬁnal
state is defined as

LM)= {w] (a0 . Z0) F* (P&, )} i
for some a € I, p € F and we  *. It means that the PDA, currently in state g, after sc Ining
the string w enters into a final state p. Once the machine is in state p. the input symbol should be €
and the contents of the stack are irrelevant. Any thing can be there on the stack. The only point to
remember here is that when all the symbols in string w have been read and when the machxpe is
in the final state the final contents of the stack are irrelevant. : .

We can also define a language N(M) accepted by an empty stack (Null stack) as

NM) = {w]|(qo W, Zo) }*(p,e €)}
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forw & Z*, qo, p € Q. It means that when the string w is accepted by an empty stack, the final
state is| irrelevant, the input should be completely read and the stack should be empty. Here the
state p jis not the final state, only thing is that the string w should be completely read and stack
should be empty. '

7.5 | Construction of PDA

Now, sio far we have seen some concepts on PDA. In this section, we shall see how PDA’s can be
constn‘cted.

Exa?\je 7.4: Obtain a PDA to accept the language L(M) = {wCw"| we (a + b)*} where WrRis

 of W by a final state. '

Itis clear from the language L(M) = {waR} that if

w = abb
then relverse of w denoted by w® will be
w" = bba
and the laﬁguage L will be wCw" i.e., »
abbCbba

which 1s a string of palindrome. So, we have to construct a PDA which accepts a palindrome
consisting of a@’s anb b’s with the symbol C in the middle.

Generial Procedure: To check for the palindrome, let us push all scanned symbols onto the stack
till we encounter the letter C. Once we pass the middle string, if the string is a palindrome, for
each scanned input symbol, there should be a corresponding symbol (same as input symbol) on
the stack. Finally, if there is no input and stack is empty, we say that the given string is a
palindrome. ' '

Stepli Input symbols can be a or b.

| Let qo be the initial state and Z, be the initial symbol on the stack. In state qo and when
“top of the stack is Zo, whether the input symbol is a or b push it on to the stack, and
remain in qo. The transitions defined for this can be of the form

8((10’ a, ZO) = (‘lo’ aZO)
5.(‘10, b ’ Z)) (q05 bZO)

Once the first scanned input symbol is pushed on to the stack, the stack may contain
either a or b. Now, in state qo, the input symbol can be either a or b. Note that
. irrespective of what is the input or what is there on the stack, we have to keep pushing all

_ the symbols on to the stack, till we encounter C. So, the transitions defined for this can be
of the form '
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S(Qm a, a) = (qO’ aa)
5(qo, b,a) = (o ba)
5((10, a, b) = (qO, ab)
8(qo,b,b) = (qo, bb)

Step 2: Input symbol is C. i
|

Now, if the next input symbol is C, the top of the stack may be a or b. Another sibly is

that, in state qo, the first symbol itself can be C. In this case w is null string and Zg will be

on the stack. In all these cases; the input symbol is C i.e., the symbol which is ptﬂsent in

the middle of the string. So, change the state to q: and do not alter the content;s{;of the

stack. The transitions defined for this can be of the form "

3o Z) = (qZ0) | |
&qo,c,a) = (qua) 3
’8(qo,c, b) = (Qb b)

Now, we have passed the middle of the string. v
Step3: Input symbols can be « or b. i
To be a palindrome, for each input symbol there should be a corresponding symbol !(same
as input symbol) on the stack. So, whenever the input symbol is same as symbol bn the
stack, remain in state q, and delete that symbol from the stack and repeat the process. The
transitions defined for this can be of the form ‘ g

]

8(‘11, a' a)
3(q:1, b .b)

(ql’ 8) ‘ i
(qh 8) ' i

Step 4: Finally, in state qy, if the string is a palindrome, there is no input symbol to be scimned
and the stack should be empty i.e., the stack should contain Zo. Now, change the state to q, ﬂnd do
not alter the contents of the stack. The transition for this can be of the form h

dQqi€,Z) = (q2Z)
So, the PDA M to accept the language
" L(M) = {wCw® | w € (a,b)*}
along with transition graph is given by ‘

M=7(Qy Z’ r»89q09ZO5F).

where
' Q=1{q0, q1, g2}
2 ={a,b,C}
I ={a, b, Z}
d : is shown below




3ana.Z) = (qo %)
8go.b,Z) = (90 bZ0) -
8qo. a, a) = (go, 23)
X 8(qob,a) = (Qo, ba)
8(qo. a, b) = (qo, ab)
(go, b, b) = (qo, bb)
MqoZo) = (QZo)
&qo, c,a) = (q1,a)
- ¥go,c,b) = (qu.b)
: ‘¥q,a,2) = (@n€)
‘ ) 5(({1, b 9b) = (qlb.e)
8(q1, €, Z)) = (an ZO)

- qoe Q is the start state of machine.
Zoc T is the initial symbol on the stack.
-F = {q;} is the final state.
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a, Zy/aZ,
b, Zo(bZo
a,alaa
b,a/ba
a,b/ab
b,b/bb

L BT

c,ala
c,b/b

To accept the string: The sequence of moves made by the PDA for the string aabCbaa is shown

below{
Initial ID

(qo» aabCbaa, Zy) (qo, abCbaa, aZ)

(go, bCbaa, aaZg)

(qo, Cbaa, baaZo)

(q1, baa, baaZy)

(q{, aa, aaZy)

(q1, a, aZy) v

@, € Zo)

Q2 & Zo)

-
- rrTrTr v T T T

aabCbaa

i

. o
is accepted by the PDA.

: (Final Configuration)
Since q2 is the final state and input string is € in the final configuration, the string

To réject the string: The sequence of moves made by the PDA for the string aabCbab is shown

below.
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Initial ID
(qo. 2abCbab, Zg) | (qe, abCbab, aZy)
F  (qo. bCbab, aaZ,)
| (@0 Cbab, baaZe)
F (qu. bab, baaZ,)
F (a1 ab, 2aZ)
F (q.b,aZ)

(Final Configuration)
- Since the transition 8(q,, b, a) is not dgﬁned, the string
.aabeab
is not a palindrome and the machine hﬂts and the stdng is rejected by the PDA.

Note: The same problem can be converted to accept the language by an empty stack. Only the
change is, mstead of the final transition namely

8(‘11, €, Z)) = (qz* Z))
replace it by the transition
8((]1, £, ZO) = (ql’ 8)

When a language is accepted by an empty staék, finally the stack should not contain any thing
including Z,. Note that q; is not a final state. There is no final state.

Example 7.5:  Obtain a PDA to accept the language L = {a"b" | n > 1} byva final state.

“Note: The machine should accept n number of a’s followed by » number of b’s. ;

: i
General Procedure: Since n number of a’s should be followed by n number of 4’s, let us push
all the symbols on to the stack as long as the scanned input symbol is a. Once we encountqr b’s,
we should see that for each b in the input, there should be corresponding a on the stack. Wh@n the
input pointer reaches the end of the string, the stack should be empty. If stack is empty, it
indicates that the string scanned has n number of a’s followed by n number of b’s.

Step 1: Let qo be the start state and Z, be the initial symbol on the stack. As long as thj next
input symbol to be scanned is a, m'especnve of what is there on the stack, keep pushing all the
symbols on to the stack and remain in g, The transitions defined for this can be of the form |

8(qo.a.Z0) = (9o 2Z) -
d(qo, a, ) = (qo, aa) 3

.

i
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Step 2: In state qo, if the next input symbol to be scanned is b and if the top of the stack is a,
changé the state to q; and delete one b from the stack. The transition for this can be of the form

S(Clo, b, 3) = (ql’ 8)

Step 3: Once the machine is in state q;, the rest of the symbols to be scanned will be only b’s and
for each b there should be corresponding symbol a on the stack. So, as the scanned input symbol
is b and if there is a matching a on the stack, remain in g, and delete the corresponding a from the
stack. The transitions defined for this can be of the form :

d(q;; b. a) = (q:.€)

Step 4 In state qy, if the next input symbol to be scanned is € and if the top of the stack is Zo, @it
means that for each b in the input there exists corresponding a on the stack) change the state to gz
which {is an accepting state. The transition defined for this can be of the form

% g8 Zy) = Qo)

So, thé PDA to accept the language

L={a"b"|n2 1}
along ?lvith transition diagram is given by
. as Z()/aZ()
M’—‘(sza FyquO’ZO’F) a,a/aa
wherei .
. Q=1{q0,q1, 2} , v
- Z={ab} ' P ba/e
: F = {a’ ZO} '
§ : is shown below.
: S(Clo, a, Z}) = (qO’ aZ))
| 3(qo-a,a) = (qo 23)
: 5(%, b? a) = (qh 8)
l 8((11, bv a) = ((h, E)
i S(ql, £, Zy) = (qZ’ Zy)

qo€ Q is the start state of machine..
. Zoe I is the initial symbol on the stack.
‘ F = {q,} is the final state.

To accept the string: The sequence of moves made by the PDA for the string aaabbb is shown
below.
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Initial ID
(qo» a2abbb, Z,) (go, aabbb, aZy)
(qo» abbb, aaZy)
(qo, bbb, 22aZg) ;
(qi. bb, 2aZg) - S
(@b aZ) :
Q1 & Z) 5’

Q& Zy)
(Final Configuration)

T T-r,vTrmT et

Since q2 is the final state and input string is ¢ in the final configuration, the string ,
. . aaabbb : Ti

is accepted by the PDA.

To reject the string: The Sequence of moves made by the PDA for the string aabbb is #hown
below.

Initial ID -+
(qo- aabbb, Zg) | (qo, abbb, aZ) !
F (o bbb, 2aZ)
(a1 bb, 2Z)
F (@b, Z)
(Final Configuration)

- Since the transition 8(q;, b, Z,) is not defined, the string

aabbb

is rejected by the PDA.
Note: By changing the final transition from
5(‘]1, €, ZO) = (Q2, ZO) ,

to |
3qLeZ) = (98) g

the PDA accepted by an empty stack is obtained. Note that q, is not the final state.

The corresponding transition diagram accepting by an empty stack is shown below:
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a, Zy/aZ,

a,alaa b,ale

0
d b,a/€

Example 7.6: Obtain a PDA to accept the language L(M) ={w lwe (a+b)‘ and na(w) = ny(w) by'é
final state i.e., number of a's in string w should be equal to number of b’s inw.

The language accepted by the machine should consist strings of a’s and b’s of any length. Only
restriction is that number of a’s in string w should be equal to number of b’s. The order of a’s
and b's is irrelevant. For example €, ab, ba, aaabbb, ababab, aababb etc. are all the strings in the
language L(M). ‘

Genex;il Procedure: The first scanned input symbol is pushed on to the stack. From this point
onwards, if the scanned symbol is same as the symbol on to the stack, push the current input
symbol on to the stack. If the input symbol is different from the symbol on the top of the stack,

pop ong symbol from the stack and repéat the process. Finally, when end of string is encountered,
if the stack is empty, the string w has equal number of a’s and b’s, otherwise number of a’s and

b’s are different.

Step L Let g be the start state and Z, be the initial symbol on the stack. When the machine is in
state q¢ and when top of the stack contains Z, scan the input symbol (either a or b) and push it on
to the stack. The transitions defined for this can be of the form

5((10» a, Z()) = (qO’ aZ))
S(qo’ bs ZO) (qO’ bZO)

Step 2‘ Once the first input symbol is pushed on to the stack, the top of stack may contain either a
or b and the next input symbol to be scanned may be a or b. If the input symbol is same as the
symbol on top of the stack, push the current input symbol on to the stack and remain in state qo
only. Otherwise, pop an element from the stack. The transitions defined for this can be of the
form

3(qo, a, a) = (qo,aa)
5(‘10, bs b) = (qO’ bb)
d(qe, a, b) = (qo, €)
8(qo, b, a) = (Qo. €)

Step 3§:«In state qq, if the next symbol to be scanned is € (empty string) and top of the stack is Z,
it means that for each symbol a there exists a corresponding b and for each symbol b, there exists
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a symbol a. So, the string w consists of equal number of a’s and b’s and change the staté to q;.
The transition defined for this can be of the form

~

8(qo, €, Zy) (qi» Zo)
So, the PDA to accept the language ‘

L={w | ny(w) = ny(w)}

is given by N
M=(Q’ z’ rva’q09ZO9F)

where : E Hi
Q=1{q0 qi}
2 ={ab} : ’
T ={a,b,Z) . a, Zs/aZo i
- & : is shown below. b, Zo/bZ,
’ : ' a,a/aa i
8(qoa,Z) = (qo.aZy) b,b/bb
8q0.b.Z) = (qo bZo) able g
- &qo.a,a) = (qo,a3) bale
3(qo, b, b) = (qo, bb) : l

5("-10» a, b) = (qu 8) //—\\

8(‘10, ba a) = (qo’ E) @ E,Z()/Zo (@f

8qo. 8. Z0) = (q.%)

qo€ Q is the start state of machine.
Zse T is the initial symbol on the stack.
F ={q,} is the final state.

To accept the string: The sequence of moves made by the PDA for the string abbbaa is shown
below. ' : :

Initial ID 2
(o, abbbaa, Zy) (qo, bbbaa, aZy)
(qos bbﬁa. Zy)
(qo, baa, bZy)
(qo, aa, bbZ)
(Qo. a, bZy)

(qo. &, Zo)

(ql~ g, ZO)

(Final Configuration)

T Tr T T T
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Since q is the final state and input string is € in the final configuration, the string

_ abbbaa
is accei)ted by the PDA.

To rej:ect the string: The sequence of moves made by the PDA for the string aabbb is shown
below.

Initial ID
¢ | (quasbbb,Z) | (qo.abbb,aZ)
I (qo. bbb, 2aZo)
| (a0, bb, aZ)
b (@b, Z0)
F@oe bz -

(Final Configuration)

Since f[he transition 8(qo, €, b) is not defined, the string
aabbb
is rejected by the PDA.

Note:! To accept the language by an empty stack, the final state is irrelevant where as the next
input symbol to be scanned should be € and stack should to be empty. Even Z, . should not be
there jon the stack. So, to obtain the PDA to accept equal number of a’s and b’s using an empty.
stack,/change only the last transition in example 7.5. The last transition

5(‘10, €, ZO) (ql’ ZO)
can b#changed as |

s(qu g, ZO) (Ch, E)

i

So, tl}e PDA to accept the language
- L = {w | n,(w) = m(w))
by ar{i empty stack is-given by
M=(Q E.T.8,a %€

where : -
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Q = {qO’ qi }

2 ={a, b}

I = {a, b, Z}

4 : is shown below. -

’ 8(‘10, a, ZO) = (qO’ aZO)
qgo.b,Zg) = (qo, bZo)
8(qo. a, a) = (qo, aa)
8((10, b, b) = (qo, bb)
8(q0! a, b) = (qO, 8)
3(qo, b, a) = (qo. &)

» 8(%’ £, ZO) =. (ql’ 8)

qo€ Q is the start state of machine. _ )
Zye T is the initial symbol on the stack. :
F = {¢}. Note that PDA is accepted by an empty stack

The sequence of moves made by the PDA for the string aabbab by an ctﬁpty stack is showng
below. : o

Initial ID
(qo. aabbab, Zy) | (qo, abbab, aZ)
F (qo, bbab, aaZ)

F  (qo.babaZy)

F (q0ab,2o)

b (aobiazZo)

I" (qo €,2Z0)

F @.ee)

(Final Configuration) -

Since the next input symbol to be scanned is € and the stack is empty, the string aabbab is
accepted by an empty stack.

Note: A PDA accepting by a final state and by an empty stack are equivalent. They can be
obtained from each other i.e., if we know a PDA by a final state, we can obtain a PDA by ana
empty stack and vice versa. ' i

Example 7.7:  Obtain a PDA to accept a string of balanced parentheses. The parentheses ito be
considered are (, ), [, ] '

i
|
o

Note 1: Some of the valid strings are:
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[OXTD L& IO
DOMLIGCD

and invalid strings are:

Note 2 € (null string) is valid
Note 3 Left parentheses can either be ‘(* or ‘[* and right parentheses can either be ‘)’ or ‘]’.

Step l Let qo be the start state and Z, be the initial symbol on the stack. The state qp itself is the
final $tate accepting € (an empty string).

Step 2 In state qy, if the first scanned parentheses is ‘(‘ or ‘[*, push the scanned symbol on to the
stack and change the state to q;. The transition defined for this can be of the form

Qi (Zo)
Q. [Zo)

5((10, (" Z())
8(q09 [9 ZO)

Step 3 If at least one parentheses either ‘(° or ‘[* is present on the stack and if the scanned
symbpl is left parentheses, then push the left parentheses on to the stack. The transitions defined
for th;s can be of the form

8(qb (’ ( ) = (qh ( ( )
3qi, ([ = (qu ()
&, [, () = @ [0
&aqi L[ = (q[D)

Step ‘4 If the scanned symbol is ‘)’ and if the top of the stack is ‘(‘ pop an element from the
~ stack; Similarly, if the scanned symbol is ‘]’ and if the top of the stack is ‘[* pop an element from
the stack. The transitions defined for this can be of the form

5(% ) 0)

(41, ©)

(qh 8)

Step 5 When top of the stack is Zo, it indicates that so far all the parentheses have been matched.
At this point, on &-transition, the PDA enters into state g0 and all the steps from stepl are
repeated. The transition for this can be of the form

SaneZ) = (GnZo
So, the PDA to accept the language consisting of balanced parentheses is given by

M=(Q9.Z$ F98vq0vZO9F)

where
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Q={q q} .
Z={G)L1}
' ={G[Z}

6 : is shown below.

&qo, (- Zo)
6(qu [a ZO)
S(qh (1 ( )
5(‘]1, (’ [ )
&qi, ()
&aqi, 1)

- ¥(qi, ), (
.s(qla ]v [
S(Qb €, Z))

Q1. (Zo)
Q) [Zy)
(@i (O)
qi. (1)
(. 1)
(q@.10)
(Q.€)
1, &)
(qOV ZO)

qoE€Q is the start state. of machine.
Zoe T is the initial symbol on the stack. »
F = {qo}. Note that even € is accepted by PDA and is valid.

The sequence of moves made by the PDA for the string [( )()( [ ]) ]is shown below.

Initial D
@0 [(XXID ). Zo).

Since the next input symbol to be scanned is € and the stack is empty, the string [( }( )}([])]

accepted by the PDA.

Example 7.8: Obtain a PDA to accept the language L = {w |' w € (a, b)* and n,(w) > n,(W)

Fo(a OO 1, [Z0)
F @ XX L([Z)
F @ OaD1L1Z)
F @ XID1L([Z)
F @ (ID)1L12Z)
F @ [(D1L.UZ)
F @ @ DLIZ)
F @ )12
I @ 1.[2Z0)
F @,z
Fo(qoe.20)

(Final Configuration)

i
i
{

-
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Notei: The solution is similar to that of the problem discussed in example 7.5 in which we are
accepting strings of a’s and b’s of equal numbers. When we encounter end of the input i.e., € and
top gfu the stack is Z, it has equal number of a’s and b,s. But, what we want is a machine to -
accept more number of a’s than b’s. For this, only change to be made is that when we encounter €
(i.e.,lend of the input), if top of the stack contains at least one a, then change the final state to q1
and ¢o not alter the contents of the stack. The transition defined remains same as problem shown
in example 7.5, except the last transition. The last transition is of the form

3(qo, €, a) = (q1,a)

So, the PDA to accept the language
= {W | n(W) > ny(w)}

is giVen by ‘
’ M=(Q, E,Fs&QO,ZO,F)
where '
Q={q0 q}
2 ={a, b}
I'={a, b Z}

8 : is shown below.

8(‘]0, a, ZO) = (qo’ aZO)

8(go, b.Zg) = (qo, bZo)
8(qo, a, a) = (qo, aa)
8(go, b, b) = .(qo. bb)
5(go, a, b) = (go, £)
3go.b,a) = (qo©)
8(qo.€,2) = (g1 d)

l qo€ Q is the start state of machine.

Zoe T is the initial symbol on the stack.
F = {q,} is the final state.
Notei: On similar lines we can find a PDA to accept the ianguage

L={w|w € (a,b)* and n(W) < ny(W)}

1e., §mngs of a@’s and b’s where number of b’s are more than number of a’s. To achieve this only
change to be made in the above machine is change the fmal transition

S(qo, €, a) (@, a)

to

f

o 8(qo. £. b) (@. b

So, the PDA to accept the language

L={w|w e (a.b)* and n (W) < ny(W)}
1S given by
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M=(Q, 2, F,&QO,ZO,F)

where

Q=1{q0. qi}

2 ={a, b}

I' ={a, b, Z}

d : is shown below
S(Qm a, ZO) = (qO’ aZO)
5(‘10, bs ZO) = (qO, bZo)
&(qo. a, a) = (qo. aa)
8qo.b,b). = (qo, bb)
8((]0, a, b) = (qo’ 8)
&(qo, b, a) = (qo, €)
S(qo, €, b) = (ql’ b)

Qo€ Q is the start state of machine.
Zoe T is the initial symbol on the stack.
F = {q,} is the final state.

Example 7.9: Obtain a PDA to accept the language L = {a"b™" | n > 1}

Note: The machine should accept n number of a’s followed by 2n number of b’s.
General Procedure

Since n number of a’s should be followed by 2n number of b’s, for each a in the i input, push two
a’s on to the stack. Once we encounter b’s, we should see that for each b in the input, there
should be corresponding a on the stack. When the input pointer reaches the end of the string, the
stack should be empty. If stack is empty, it indicates that the string scanned has n number of a’s
followed by 2n number of b’s. :

Step 1: Let qo be the start state and Z be the initial symbol on the stack. For each scanned input
symbol a, push two a’s on to the stack. The transitions defined for this can be of the form

(qO’ aaZO)

(qo, aaa)

S(qu a, Z))
6(QOv a, a)

Step 2: In state qo, if the next input symbol to be scanned is b and if the top of the stack | ;s a,
change the state to q; and delete one b from the stack. The transition for this can be of the form

5(‘10, b a) = (qh 8) ’
Step 3: Once the machine is in state q,, the rest of the symbols to be scanned will be only b’ s and
for each b there should be corresponding symbol a on the stack. So, as the scanned input symbol
is b and if there is a matching a on the stack, remain in q, and delete the corresponding a from the
stack. The transitions defined for this can be of the form

}
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1 : ~ 0(qi, b, a) = (q1. €)

Step 4: In state q,. if the next input symbol to be scanned is € and if the top of the stack is Zy, (it
means that for each b in the input there exists corresponding a on the stack) change the state to q»
which is an accepting state. The transition defined for this can be of the form

8(ql’ €, ZO) = (Qz, 8)

So, tﬁe PDA to accept the language :
L={a""|n>1}

is givéen by
; M=(Q,Z,F,5,CI0’ZO,F)
where
- Q=1{q0.q1, q2}
. X ={a,b}
I' = {a, Zo}
& : is shown below.
8((1(% a, Z)) = (‘-IO, aaZO) ,
5(‘10, a, a) = (q()’ aaa)
8(%, b, a) = (ql, £€)
S(qh b’ a) = (qlv 8)
3qi.e.Z) = (qz€)

qo€ Q is the start state of machine.
Zoc T is the initial symbol on the stack.
F = {q.} is the final state.

To accept the string: The sequence of moves made by the PDA for the string aabbbb is shown‘ '

el Initial ID
(qo. aabbbb, Z) |} (o, abbbb, aaZ,)

~} (qo, bbbb, aaaaZ) -

b (qo, bbb, asaZ)

| (. bb, aaZ)

I (@b, aZo)

t (91, & Zo)

(‘h, £, ZO)

1 (Final Configuration)
Sinck q; is the final state and input string is € in the final configuration, the string

aabbbb

is accepted by the PDA.
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To reject the string: The sequence of moves made by the PDA for the string aabbb is shown
below.

Initial ID
(qo, aabbb, Zg) | (qo, abbb, aaZy)
F (qo. bbb, aaaaZy)
F (qo. bb. aaaZy)
| (qo. b. aaZy)
F (g € aZy)
(Final Configuration)

Since the transition 8(qo. €, a) is not defined, the string

aabbb
is rejected by the PDA.

Example 7.10: Obtain a PDA to accept the language L = {ww"® | w € (a + b)*} by a final state

It is clear ffom the language L(M) = {ww"} that if

w = abb
then reverse of w denoted by w® will be: |
| w® = bba
and the language L will be ww® ie.,
abbbba

which is a string of palindrome.

So, we have to construct a PDA whlch accepts a palindrome consisting of a’s anb b’s. This
problem is similar to the problem discussed in example 7.3. Only difference is that in exdmple
7.3, an extra symbol C acts as a pointer to the middle string. But, here there is no way to find the
mid point for the string.

General Procedure: To check for the palindrome, let us push all scanned symbols onto the stack
till we encounter the mid point (Remember that there is no way to find the midpoint). anc we
pass the middle string, to be a palindrome, for each scanned input symbol, there should :be a
correspondmg symbol(same as input symbol) on the stack. Finally, if there is no input and Stack
is empty, we say that the given string is a palindrome.
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Stepli Let qo be the initial state and Z, be the initial symbol on the stack. In state qo and when top
of the stack is Zo, whether the input symbol is a or b push it on to the stack, and remain in qo. The
transitjons defined for this can be of the form

8(q07 a, ZO) = (qO’ aZO) . ’
6(q0$ b ] ZO) (Q(), bZO)

Note:§ In state qo. if we encounter €, the empty string has to be accepted and we should be in a
position to reach the final state and so, we may have one more transition of the form

dweZ) = @)

Once the first scanned input symbol is pushed on to the stack, the stack may contain either a or b.
Now.%in state qo, the input symbol can be either a or b. Note that irrespective of what is the input -
or what is there on the stack, we have to keep pushing all the symbols on to the stack, till we
encounter midpoint (But, there is no way to find mid point. We continue this process till we
encodmer mid point through our common sense).

So, the transitions defined for this can be of the form

&(qo, 2, a) = (qo, 23)
8(‘10’ ba a) = (qO’ ba)
5(‘10» a, b) = (qO. ab)
8(q0v bv b) = (qu. bb)

Step 2: Now, once we reach the midpoint, the top of the stack may be a or b. To be a palindrome,
for each input symbol there should be a corresponding symbol (same as input symbol) on the
stack, So, whenever the input symbol is same as symbol on the stack, change the state to g, and
deleté that symbol from the stack The transitions defined for this can be of the form

&qe,a,2) - = (q1,8)
3(qo. b ,b) @1, &)

i

1

Step 23‘: Now, once we are in state qy, it means that we have passed the mid point. Now, the top of
the étack may be a or b. To be a palindrome, for each input symbol there should be a
corresponding symbol (same as input symbol) on the stack. So, whenever the input symbol is
same as symbol on the stack, remain in state q; and delete that symbol from the stack. The
transitions defined for this can be of the form '

8(cll’ a, a) = (ql» e)
8(qlv b vb) (qh 8)



290 H Finite Automata and Formal Languages

Step 4: Finally, in state q,, if the stnng is a palindrome, there is no input symbol to be scanned
and the stack should be empty i.e., the stack should contain Zy. Now, change the state to q» and do
not alter the contents of the stack. The transition for this'can be of the form

3qie.Z) = (9 Z)
So, the PDA Mto accept the language '
LM) = {ww® | w e (a.b)*}

is given by
M=(Q,Z,F,8.qo.Z4,.F) : ' ;
where .
Q=1{q0, qi, q2}
2 ={a, b}
I' = {a, b, Z}

d : is shown below.

(ql’ ZO)

8qune Zy) =
' 8(q07 a, ZO) (qu aZO)
5(‘10, b3 ZO) (qu bZO)
3 6(qos a, a) (qo, aa) -
8(qe, b, a) = (Qqo, ba)
3(qo, a, b) = (qo, ab)
6 3(qo, b, b) = (qo, bb)
7 8(‘10, a, a) = (qls 8)
8 3(qe, b ,b) (g1, &)
. 5(‘11’ a, a) = (‘11, e)
3(q1,b.b) = (qn ¢
a8 Z) = (@2

Qo€ Q is the start state of machine.
Zoe T is the initial symbol on the stack.

F = {q2} is the final state. .

Note that the transitions numbered 3 and 7, 6 and 8 can be combined and the transitions can be
written as shown below also.

Qo 6.Z) = (qnZ)
3(qo,a,Zg) = (g0, aZ)
8(qo,b,Zy) = (qo, bZy)

8(qo, 2, a) = {(qo aa), (qy, €) }
8(qo, b, a) = (qo, ba)

8(qos a, b) = (qo, ab)
3(qo,b,b) = {(qo.bb), (g, )}
3(qy, a, a) = (qi€)

3(q,, b ,b) = (@Qn»¥)

3qne.2Z) = (q.7Z)

Note that once the following transitions are applied
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8qe,a,a) = {(qo.23).(q.8) }
, 8(qo, b, b) { (qo, bb). (q1, €) }
if the input symbol is same as the symbol on top of the stack, the machine may push the current
symbpl on to the stack, or it may pop an element from the stack. At this point, the machine makes
' appljpriate decision so that if the string is a palindrome, it has to accept. This machine is clearly a
non-deterministic PDA (in short we call NPDA).

To aécept the string: The sequence of moves made by the PDA for the string aabbaa is shown
bClOW'. .
Initial ID
(qo, aabbaa, Z,)

|

(qo, abbaa, aZy) | (q1» aabbaa, Zg) —> (qa, aabbaa, Zo) (r'ejecg)
(9o bbL, aaZo)\)(qn, bbaa, Zg) —> (q», bbaa, Z,) (reject)
s baja:, baaZe)
(a1, aa, aaZo) (qo, a, bbaaZy) —>(qo, a, abbaaZ,) —> (qo, €, abbaaZy) (reject)
(q.,iaz)) | @ g bbaaZe) (reject)

(qla €, Z)) —> (Qz’ €, ZO) (accept)

Since q, is the final state and input string is € in the final configuration, the string aabbaa is
accep';tgd by the PDA. g

7.6 Deterministic and Non-deterministic PDA

In the example 7.10, we have seen that there can be multiple transitions defined from a state. The
PDA defined in example 7.10, is clearly a non-deterministic PDA. Now, let us see the difference
between deterministic PDA and non-deterministic PDA.

Definition: Let M = (Q, =, I, 8, qo, Zo, F) be 2 PDA. The PDA iis deterministic if

1. 8(q, a, Z) has only one element.
2. If&(q, €, Z) is not empty, then 8(q, a, Z) should be empty.

Both the conditions should be satisfied for the'PDA to be deterministic. If one of the conditions
fails, the PDA is non-deterministic.
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In the PDAs discussed in the examples 7.3 to 7.10, let us see what are deterministic PDAs and
what are non-deterministic PDAs.

Example 7.11: Is the PDA to accept the language LM) = {waRI we (a + b)*} dxscussed in
example 7.4 is deterministic?

The transitions defined for this machine are obtamed in example 7. 4 and are reproduced f()r the
sake of convenience.

8(q0~ a, Zo) = (qO’ 324))
5(‘10. b ) Z4)) = (q09 bZO)
&qo, a, a) = (qo,aa)
&qo, b, ) = (Qo, ba)
(qo. a, b) = (qo, ab)
&(qo. b, b) =" (qo. bb)
gwC.Zg) = (qQi,Zo)
&(go, ¢, a) = (qa)
3(qe, ¢, b) = (qib)
¥qi,a,a) = (q¥®)
¥qi,bb) = (q¥)
8((11, €, 7o) = (q2’ Zy)

The PDA should satisfy the two conditions shown in the definition to be detemnmstw
- - 8(q, a, Z) has only one element: Note that in the transitions, foreachqe Q,ae X and
Z € T, there is only one component defined and the first condition is satisfied.

2. The second condition states that if 8(q, €, Z) is not empty, then 3(q, a, Z) shoulq be
empty i.e., If there is an &-transition, (in this case it is 8(q, €, Zo) ), then there should
not be any transition from the state q; when top of the stack is Z, whxch is true.

Since, the PDA satisfies both the conditions, the PDA is deterministic.

- Example 7.12: Is the PDA corresponding to the Ianguage L = {ab" | n>1} by a final m is
deterministic?

The transitions defined for this machine discussed in the example 7.5 are reproduced here fbt the
sake of convenience.

o

g a,Zy) = (qo, aZo)

3(qo. 2, 2) = (qo, 22)

‘8(‘10, b, a) = (q)€)

8(q;, b, a) = (q1, &) .
3qie,Z) = (@9 ,
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The first condition to be deterministic is 8(q, a, Z) should have only one component. In this case,
foreachq € Q,ae X and Z € T, there exists only one definition. So, the first condition is
sausﬁed To satisfy the second condition, consider, the transition

?

l ' 8(qu €, ZO) = (QL 8)

Sincei the transition is déﬁned, the transition 8(q;, a, Zo) where a € X should not be defined
whicl'} is true. Since both the conditions are satisfied, the given PDA is deterministic.

Exaniple 7.13: |s the PDA to accept the language L(M) = {wlw € (a+b)* and ni(w) = ny(w) is
deteniinistic" ‘

The ttansmons defined for this machine discussed in the example 7.6 are reproduced here for the
sake of convenience.

; 8(‘10, a, ZO) = (% aZ,)

i - ge.b,Zy) = (go, bZy)

5 &(qo, a, a) = (qo, aa)
5((10, b’ b) = (qO’ bb)
¥ge.2,b) = (qo,€)
&go.b,a) = (qo, €)
90 €,Z)) = (qi,Zo)

The ﬁrst condition to be deterministic is 8(q, a, Z) should have only one component. In this case,
foreachqe Q,ae Z and Z € T, there exists only one component. So, the ﬁrst condition is
satlsﬁad To satisfy the second condition, consider the transition

%90 €.Z) = @, Zo)

Since| thns transition is defined, the transition S(qo, a,Zy) whereae X should not be defined. But,
there pre two transitions

I

) S(qo, a,Z) = (g aZy)
5(‘10’ b ZO) (q09 bz())

deﬁndd from qo when top of the stack is Z,. Since the second condition is not satisfied, the given
PDA is non-deterministic PDA.

Exa e7 14: Is the PDA to accept the language consisting of balanced parentheses is
det istic?

The t11ansmons defined for this machine discussed in the example 7. 7 are reproduced here for the
sake of convenience.

G (Zo) = (qn(Zo)

3(qo. [, Zo) (a1, [Zo)

8(qu, (, () (qi, (O)

]
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qnG[) = (qu ()
&qn [, O) = (qn[0)
&qi. [, 1) = (qu.ll)
&qy, ). () = (qn¢€)
&qi. 1.1) = (q.8)
8((]],8 Zo) = (q() ZO)

The first condition to be deterministic is 8(q, a, Z) should have only one component. In th:s case.
foreachqe Q,a€ X and Z € I'. there exists only one component. So, the first condltlon is
satisfied. To satisfy the second condition. consider the transition

B(ql, €, ZO) = (o, ZO

Since this tfansition is defined, the transition 8(q,, a, Zy) where a € X should not be defined
which is true. Since both the conditions are satisfied, the given PDA is deterministic.

B

Example 7.15: Is the PDA to accept the language L = {w | w € (a, b)* and n.(w) > n.(w)} is
deterministic?

The transitions defined for this machine discussed in the example 7.8 are reproduced here for the
sake of convenience.

8(qu a, ZO) = (qO’ aZO)

8((10, b’ ZO) = (qo, bZ))

8(qu a, a) = (qO’ aa)

8(qo. b,b) = (qo, bb)

5(‘10» a, b) = (QO, E)

8(qo. b, a) = (90 €)

8((10, €, a) = (Ch, a) i

The first condition to be deterministic is &(q, a, Z) should have only one component In thxs case,
foreachq € Q,a€ X and Z € I', there exists only one component. So, the first condition is
satisfied. To satisfy the second condition, consider the transition

8(qo, €, @) = (q; a)

.
Since this transition is defined, the transition &(qo, f, a) where f € X should not be deﬁned But,
there are two transitions !
8(qo.a,2) = (o, a2)
8(qo, b, ) (qo, &)

defined from qo when top of the stack is a. Since the second condition is not satisfied, the,f given
PDA is non-deterministic PDA. N



| .
| ‘ Pushdown Automata & 295

i

Exam#l_e 7.16: Is the PDA to accept the language L = {a"*" | n > 1} is deterministic?

The tr#nsitions defined for this machine discussed in the example 7.9 are reproduced here for the
sake of convenience.

i
|

_ 8(qe, 2, Zo) = (qo. aaZy)

1 3(qo, 2, @) = (qo, aaa)

[ 8(qo, b, a) = (q, €)
&(qy, b, a) = (q8)
3qi.&.2Z) = (q¢9)

The ﬁtst condmon to be deterministic is &(q. a. Z) should have only one component. In this case.
foreath q € Q, a € Z and Z € T, there exists only one definition. So, the first condition is
satlsﬁéd To satlsfy the second condition, consider the transition :

| 8(qy, € Zo) = (qz, €)

Since | the transition is defined, the transition 8(q;, a, Zo) where a € Z should not be defined
whlch is true. Since both the conditions are satisfied, the given PDA is deterministic.

Examble 7.17: |s the PDA to accept the language L = {wwR | w € (a + b)*} is deterministic?

| The tﬂansmons defined for thlS machine discussed in the example 7.10 are reproduced here for the
sake of convenience.

8qoe-a,Zy) = (9o, 3Zo)

8(qo, b, Zg) = (qo bZo)

3(qo, a, a) = (qo, aa), (q), €)
] &(qeb,a) = (qoba)

‘ 8(qo, a, b) = (qo, ab)

- 8(qo,b,b) = (qo, bb),(q1, ®)
S(qh a, a) = (ql’ £)

, 8(‘]1, b sb) = ((h» 8)

&(qy, &, Zo) = (92 Zo)

The ﬁrst condition to be deterministic is &(q, a, Z) should have only one component. But, there
are two transitions each having two components viz.,

3(qq, a, a) = (qo, aa), (q;, €)
8(qo’ b’ b) (q09 bb)’ (qh E)

So, the first condition fails. To be deterministic, both the conditions shown in the definition
should be satisfied. Since one of the conditions is not met, the PDA is non-deterministic.
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1.7

CFG to PDA

It is quite easy to get a PDA from the context free grammar. This is possible.only from a CFG
which is in GNF. So, given any grammar, first obtain the grammar in GNF and then obtain the
PDA. The steps to be followed to convert a grammar to its equivalent PDA are shown below.

1.

2

s

Convert the grammar into GNF

Let qo be the start state and Z, is the initial symbol on the stack. Without consuming any
input, push the start symbol S onto the stack and change the state to q,. The transition for
this can be

8(qo. €, Zo) = (qs. SZo)

For each production of the form

A— aa
introduce the transition 4
6(Cll»a A)=(QI,0~) !
Finally, in state q;, without consuming any input, change the state to g¢ whlch is an
accepting state. The transition for this can be of the form

3(qu, &, Zo) = (qr Zo)

Example 7.18: For the grammar

S 5 aABC
A — aBla
B 5 bAp
C 5 a

‘Obtain the corresponding PDA

Let qo be the start state and Z, the initial symbol on the stack.
Step 1: Push the start symbol S on to the stack and change the state to q;. The transition for this
can be of the form

8(‘10, €, 2= (qla SZp)

Step 2: For each production A — aa introduce the transition

3(q1,a, A) = (q,, 0) -

This can be done as shown bélow.

Production . Transition
S — aABC q,.a,S) - = (q,ABC) :
A - aB 8qi.a,A) = (qi.B) r
A 5 a 3qi.a,A) = (qi,€) ' ’
B — bA qi-b,B) = (q1, A) i
B 5 b 8qi,b.B) = (q),¢)
C - a 3¢qa.C) = (que) i
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Step Fmally in state q,, without consuming any input change the state to q¢ which is an
accepting state i.e.,

3(qi , € Zo) = (g, Zo)

So, the PDA M is given by M= (Q, =, T, 8. qo. Zo. F) where

- Q=1{q0, 91> qr}

2 ={a, b}

I' ={S, A, B,C, Z}
* d:is shown below.

S(Clo, £, Z()) = (qh SZO)

3q.a,S) = (qi, ABO)
8(q.a,A) = (q.B)
8(qh a, A) = (qla 8)

! 8(qls b9 B) = (ql’ A)

| 8(q;, b, B) = (q»¥) .

3qi,a,C) = (qi,¥)

x Mq: ,€Z0) = (s Zo)

- Qs the start state of machine.
2 Zoe I" is the initial symbol on the stack.
= {qy} is the final state

Note that the terminals of grammar G will be the input symbols in PDA and the non-terminals
will ble the stack symbols in PDA.The derivation from the grammar is shown below:

aABC

aaBBC

aabBC

aabbC

aabba -

The stnng aabba is derived from the start symbol S. The same string should be accepted by PDA
also. Il‘he moves made by the PDA are shown below.

S

¢

BRI

Initial ID

(qo, aabba, Zy) (q:, aabba, SZ,) By Rule 1

(qi, abba, ABCZ;) By Rule 2
(q;, bba,, BBCZ,) By Rule 3

T -r-Tr T T T T

(qi, ba, BCZ) By Rule 6
Qi 2, CZy) By Rule 6
Q1 & Zo) By Rule 7
as € Zg) By Rule 8 (Final conﬁgurallon)

Since gy is the final state and input string is € in the final configuration, the string
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_ aabba
is accepted by the PDA.

Example 7.19: For the grammar
'S - aABB|aAA

A — aBB|a
B — bBBJA
C -5 a

Obtain the corresponding PDA

Note: To obtain a PDA from CFG, the grammar should be in GNF. All the productions except the
production

B 5 A ) :
are in GNF. Since one of the production is not in GNF, the given grammar is not in GNF. This
can be easily converted into GNF. Note that all A productions are in GNF. So, by substxtutmg for
A in the above productlon we get B-productions also in GNF as shown below: ,

B — bBB|aBB|a

Now, the newbgrammar which is in GNF can take the form:

S — aABBJaAA
A - aBBa _
B — bBB|aBB|a :
C o5 a : ;
Now, the CFG can be converted into PDA. Let qo be the start state and Z, the initial symbol pn
the stack.

Step 1: Push the start symbol S on to the stack and change the state to q;. The transition for tﬁns
can be of the form

8(qo, €, Zo) = (q1, SZo)-
Step 2: For each production A — ac introduce the transition
8(q1.a, A) = (q1. @)

. The following table shows how the various transtitions are obtained from the productions
from the CFG.
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. Production Transition

S — aABB 8(qi.a,8) = (q:, ABB)

S —» aAA 8qi,a,S) = (qiAA)

A — aBB &qi.a,A) = (qi,BB)

A > a 3q.a,A) = (Qi®)

B — bBB &q;,b,B) = (q:. BB)
! B — aBB &qi,a,B) = (q.BB)

B - a 3qi,a,B) = (q.8)

C —» a &qi,a,0) = (qi.8)

Step B: Finally in state q;, without consumihg any input change the state to g; which'is an
accepting state i.e.,

8(‘11 » &, Z)) (Qh Z))

So, the PDAMisgivenbyM=(Q, =, I', §, qo,Z, F)
where

Q=1{q0, q1, Gs}
X ={a,b}
i. F'={S,A, B,C,7Z}
S : is shown below.

| 8qne.Z) = (qi.SZ)

’ &q..a, S) = (qi, ABB)

&qi.a,8) = (q,AA)

| 3qina,A) = (q.BB)

&qi.a,A) = @Q»§)

! qi,b,B) = (q.BB)

' ‘ &qi,a,B) = (qi,BB)

E 8((11, a, B) = (ql’ 8)
8(qlo a, C) = (q.ls E)‘
a1 .8.Z0) = (arZ0)

qo€ Q is the start state of machine.
Zoe T is the initial symbol on the stack.
F = {qy) is the final state

Note|that the terminals of grammar G will be the input symbols in PDA and the non-terminals
will be the stack symbols in PDA. It is left to the reader to derive the string from grammar G and
to shnw that the same string can be generated by the PDA which can be done similar to the
previous problem. : :
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7.8  Application of GNF

Now, we can easily say where the GNF notations are used. In the previous sections we have seen
how easily a PDA can be obtained if the grammar is in GNF compared to the section 7.5. In
section 7.5, we have designed various types of PDAs but with little bit of difficulty. The same
PDAs could have been designed by obtaining the CFG and then convert the CFG into GNF. Once
the grammar is in GNF, we can easily obtain PDA. ‘ .

Note: Instead of using the method shown in section 7.5, it is'much easier to obtain CFG, convert
it into GNF and then obtain the PDA. In chapter 1 we have obtained the CFGs to accept varieties
of languages Obtain the GNF notation for those grammars and use the approach given in
previous section, to obtain the PDAs

This section provides some of the grammars and their equivalent PDA just to show how easy to
obtain a PDA if the grammar is in GNF.

" Example 7.20 Obtain a the PDA to acoept the language L={ab"|n>1)
The equrvalent CFG to generate the language is:

S — aSb
S 5 ab

The corresponding grammar which is in GNF is

S —» aSB
S —» aB
: B 5 b
The equivalent transitions for the above productions are:
(q, a, S) = (qi, SB)
8(qy,a, S) = (qi,B)
8qi,b,B) = (q:,¥®)

In section 7.7, we have seen that the transition

8aqne.Z) = (QSZ)

is used to push S on to the stack initially and the last transition

3qi.87Z) = @r Zo)

is used to move to the final state. So, the PDA is given by

M = ({qo. qi- a7} {a.b}, {S.A.B.Zo}. 8, o, Zo, q1)



